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Abstract 

We show that a class of torsional compactifications of the heterotic 
string are dual to conventional Kahler heterotic string compactifica- 
tions. This observation follows from the recently proposed analogue 
of the c-map for the heterotic string. 
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Within the past few years, there has been significant improvements in 
our understanding of string vacua. Most of the recent developments involve 
turning on background fluxes starting with [1]. Compactifications with fiux 
tend to be difficult to analyze: either the background involves RR fiuxes 
which complicates a world-sheet analysis or the backgrounds are intrinsically 
quantum with cycles of order the string scale. In special cases, however, 
there are dualities that relate fiux compactifications to more conventional 
geometric compactifications. Dualities of this kind appear in [21 El S]. In 
these cases, we can use the powerful techniques available for conventional 
compactifications to learn about backgrounds with fiux. 

The aim of this note is to present a duality of this kind that relates a 
class of standard compactifications of the heterotic string on Kahler spaces 
to compactifications of the heterotic string on non-Kahler spaces with torsion. 
The torsion corresponds to a non-trivial background i^a-fiux. In the past, 
these torsional compactifications were studied using supergravity [5] and a 
perturbative sigma model analysis P, [7j. Compact torsional solutions are 
quite difficult to construct. The class of known compact solutions take the 
form of torus bundle twisted over a K?) surface with metric gx?,- The solutions 
have the schematic form 

ds^ = AgK3 + id9^ + + {d9^ + (1) 

where A is a warp factor and {9^,9^) parametrize T^. The connections 
(Ai, A2) are 1-forms on the base K3 surface which determine the twisting of 
the torus fiber. Correlated with this twist is an H3 fiux. These are the DRS 
torsional solutions [8] . 

There has been much subsequent development of torsional backgrounds; 
a partial hst of references includes P[Tni[IIl[12l[l3l[Tl[T5l[T6lll7lll8l[l9l 
EniEBESlEalEllESlEe]. it is important to note that while the metric and 
fiuxes locally satisfy the conditions described in O El [7] , the global solution 
involves patching by T-duality. Globally, the solutions are non-geometric 
and therefore inherently stringy. 
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The duality we will present relates the DRS torsional solutions ([T]) and 
mild generalizations to conventional heterotic backgrounds on Kahler spaces. 
This duality is a straightforward corollary of the c-map [27] for the heterotic 
string proposed recently in 

Our starting point is the particularly nice example of M-theory on K?) x 
K?i' constructed in [8j . Let us denote the first surface by S and the second 
by S' . This background has a net non- vanishing M2-brane charge which must 
be canceled [H |2] The cancelation can be accomplished by a combination of 
inserted M2-branes and 4-form flux satisfying the tadpole constraint 

1 [ Ga Ga „ , 

^ / ^A-i + nM, = 24. (2) 
Z J zn ZTv 

We will want to restrict to =0 if we wish to find a standard perturba- 
tive heterotic dual. We must therefore turn on G4 flux which satisfies the 
requirements 

— e H^'\S X S',Z) (3) 
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and that 6*4 be primitive. Satisfying these requirements fixes some of the 
complex and Kahler moduli of the compactification. Prior to turning on the 
flux, this compactification preserves N=4 supersymmetry in three dimen- 
sions. If the choice of G4 flux is (2, 2) and primitive with respect to each of 
the CP^ X CP^ choices of complex structure then the full N=4 is preserved. 
Otherwise, the flux will preserve only N=2 supersymmetry; examples of both 
kinds can be found in [8]. 

The flux can be expressed as follows, 

§ = ^^^'' 

where u e H^{S,Z) while u' E H^{S\Z). If lu and lu' are purely of (1,1) 
type then the flux preserves the full N=4 supersymmetry. This flux com- 
pactification will serve as a bridge relating two heterotic compactifications. 

^ For another approach relating the DRS torsional metrics to standard heterotic com- 
pactifications, see [29] , 
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To obtain the first heterotic compactification, we will use the duality 
between M-theory on a K?) surface and the heterotic string on [30]. Let 
us assume that both 5" and S' are elliptically-fibered K?) surfaces with section. 
The choice of an elliptic fibration corresponds to the choice of a circle in 
for the heterotic dual. This assumption is unnecessary if we only wish to 
consider three-dimensional heterotic compactifications. It plays a role only 
if we want to discuss four-dimensional compactifications. 

Let us denote the volume of S (or S') by V (or V). We will measure all 
our volumes in eleven-dimensional Planck units with Ip = 1 for simplicity. 
The volume of the elliptic fiber is denoted by E (or E') and the volume of 
the base by B (or B'). The three-dimensional duality equates 

M-theory on 5" x 5" ^ Het. on S*// x x 5"]^, 

{E,V,E\V') ^ {Eh,Vh,X3,R)- (5) 

The heterotic string compactification is characterized by the three-dimensional 
string coupling A3, the size R of the distinguished circle Sj^ and volume Vh 
of the K3 surface Sh with elliptic fiber Eh- These parameters are related in 
the following way |28j : 

V'E, 

(6) 

Taking R —>■ 00 while holding fixed the four- dimensional heterotic coupling 
A4 = V^Aa corresponds to taking E' 0. This is the F-theory limit [31] . 
The result is a four- dimensional heterotic compactification on one side of the 
equivalence and a type IIB fiux compactification on the other [8|. 

In addition to the parameter map, we need to specify the gauge bundle in 
the heterotic string. This works beautifully in three dimensions. At generic 



Eh = 

Vh = 

R = 

A3 = 
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points in the moduli space, the heterotic string on has 22 abehan gauge- 
fields. These gauge-fields arise in M-theory by reducing the Cs-form potential 
on the 22 elements of if^(i^3,Z). So we can view the heterotic gauge-fields 
A as arising from the G4 fiux of M-theory via the reduction 

| = ^A.' (7) 

with field-strength 

G 

= F2 Au' = iu Au'. (8) 

ZTT 

Now the lattice H'^{K3,'Ij) is the even self-dual lattice F^'^^ with signature 
(3, 19) and decomposition 

p3,i9^3pi,i^2(-r^«). (9) 

In terms of this decomposition, we can associate gauge-fields coming from 
reducing on {—T^^) © (— F^**) to the ten-dimensional gauge-fields of the het- 
erotic string. Those coming from reducing C3 on SF^'^ can be viewed as 
Kaluza-Klein gauge-fields arising in the heterotic string from reducing the 
S-field and metric, g, of supergravity on T^. 

Since we chose to use no M2-branes to cancel the charge tadpole, the dual 
heterotic compactification possesses no NS5-branes. For a compactification 
on K3 X T^, heterotic anomaly cancelation requires a gauge bundle with 
instanton number 24. The G4 fiux provides precisely such a bundle when the 
tadpole condition ([2]) is satisfied. 

So far we have not said anything particularly new. To see something 
interesting, let us focus on the gauge-fields that arise from 3F^'^. If we chose 
a 6*4 fiux with components in these directions then in the dual heterotic 
string, we are giving a field strength over the K3 surface to the Kaluza-Klein 
gauge-fields 

g^ide\ B^40' (10) 

where 9^ coordinatize the factor. This corresponds to twisting the metric 
of the factor over the K3 surface Sh- Concomitant with this twist is 
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an flux. This is precisely the structure of the DRS torsional solution [S] 
but we have avoided using the original duality chain to see that the solution 
exists. For special choices of G4 flux which admit an F-theory limit, we could 
repeat the steps of [Sj to find the dual torsional compactification. 

More general choices of G4 flux and more general K3 metrics can obstruct 
the F-theory limit. For such choices, the dual heterotic theory is honestly 
T^-fibered. There is no distinguished 5*^ factor which we can decompactify 
to obtain a four- dimensional theory. 

Now following [321 [28] , we can exchange the roles of S and S' in M-theory. 
We use the same map as in ([5|) to find a second heterotic dual. The key point 
(as in [2S]) is that the roles of u and u' are exchanged. The heterotic gauge 
bundle in this second compactification has a field-strength proportional to 
uj' rather than u, 

G 

— = ioAF2 = ujAuj'. (11) 
27r 

If we choose u to lie in the (— F'^*) © (— F^**) component of H^{K3', Z) then 
this compactification will involve no torsion. The heterotic string target space 
will be the product manifold K3' x T^. In the case of an N=4 compactifi- 
cation, this exchange of S and S' provides an analogue of the c-map for the 
heterotic string, exchanging hypermultiplets and vector multiplets [28] . The 
main novelty we are adding here is the observation that the map extends 
to N=2 compactifications and further relates torsional compactifications to 
conventional heterotic string compactifications. 

There are a few additional points worth noting. The heterotic strings in 
these constructions emerge in M-theory by wrapping an M5-brane on either 
S OT S'. The KK reduction of the M5-brane on a K3 surface without flux 
has been studied in [33j and for more general wrappings ^34j- The extension 
that includes G4 flux is going to result in a string with a quite interesting 
sigma model. The G4 flux couplings to fermions on the M5-brane has been 
investigated in [35], |36] . 

Imagine wrapping an M5-brane on 5" of ([S]). If we choose G4 flux of the 
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form (jlj) and choose uo' to lie in the (— F^**) © (— F^**) component of H'^{S' . Z) 
then we expect a (0,4) heterotic string with standard Kahler target space. 
For a more general choice of G4, we expect (0, 2) world-sheet supersymmetry 
and a torsional target space. Both possibilities are unified in the reduction 
of this M5-brane. This construction has the advantage of being easily gener- 
alized. If replace x S" by a more general CY 4-fold with flux, reducing the 
M5-brane on a supersymmetric 4-cycle will typically give a (0, 2) heterotic 
string with torsion. Even simple cases like Nikulin quotients of x S"' 
should result in nice generalizations of [8]. 

Finally, we can ask whether this three-dimensional duality between het- 
erotic strings can be pushed to four dimensions. For example, taking i?' 
in ^ nicely results in a four- dimensional heterotic dual, assuming the G4 
flux does not obstruct the F-theory limit. After exchanging the roles of S 
and 5" to obtain a second heterotic theory on (T^)' x S*^, we find that the 
four-dimensional limit corresponds to shrinking the elliptic fiber of the het- 
erotic K?) surface 5"^. This highly quantum limit of the heterotic string 
was described in [28]: the emergence of a new dimension comes about from 
light wrapping modes of NS5-branes on (T^)' x E'^. It would be interesting 
to see the extent to which the X3 conformal field theory knows about the 
emergence of this new dimension. 

Note added: During the completion of this work, a paper appeared with 
overlapping results [38]. 
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